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ON THE LIPSCHITZ STABILITY OF INVERSE NODAL
PROBLEM FOR DIRAC SYSTEM

Emrah YILMAZ and Hikmet KOYUNBAKAN
Firat University, Department of Mathematics, 23119, Elazig, TURKEY

ABSTRACT. Inverse nodal problem on Dirac operator is determination prob-
lem of the parameters in the boundary conditions, number m and potential
function V' by using a set of nodal points of a component of two component
vector eigenfunctions as the given spectral data. In this study, we solve a
stability problem using nodal set of vector eigenfunctions and show that the
space of all V' functions is homeomorphic to the partition set of all space of
asymptotically equivalent nodal sequences induced by an equivalence relation.
Moreover, we give a reconstruction formula for the potential function as a
limit of a sequence of functions and associated nodal data of one component
of vector eigenfunction. Our technique depends on the explicit asymptotic
expressions of the nodal parameters and, it is basically similar to [1,|2] which
is given for Sturm-Liouville and Hill’s operators, respectively.

1. INTRODUCTION

Inverse spectral problems have been a significant research area in mathematical
physics. Different methods have been proposed to recover coefficient functions in
differential equations by using spectral data [3H10]. Generally, the spectral data
have consisted of the eigenvalues and a corresponding sequence of norming con-
stants, or two eigenvalue sequences. In 1988, McLaughlin showed that knowledge
of nodal points can determine the potential function of Sturm-Liouville problem
up to a constant [11]. This is so called inverse nodal problem. Numerical schemes
were then given by Hald and McLaughlin [12] to reconstruct the density function
of a vibrating string, the elastic modulus of a vibrating rod, the potential function
in Sturm-Liouville problem. Independently, Shen et al. [13] studied the relation
between nodal points and density function of string equation in 1988. Many re-
sults and reconstruction formulas have been derived about inverse nodal problem
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by several authors [14-18]. Here, we deal with the inverse nodal problem for Dirac
system.

Dirac system is a modern presentation of the relativistic quantum mechanics of
electrons intended to make new mathematical results accesible to a wider audience.
It treats in some depth relativistic invariance of a quantum theory, self-adjointness
and spectral theory, qualitative features of relativistic bound and scattering states
and the external field problem in quantum electrodynamics, without neglecting the
interpretational difficulties and limitations of the theory [19].

Inverse problems for Dirac system had been investigated by Moses [20], Prats and
Toll [21], Verde [22], Gasymov and Levitan 23], and Panakhov [24]. It is well known
that two spectra uniquely determine the matrix valued potential function in Dirac
system [25]. In [26], eigenfunction expansions for one dimensional Dirac operator
describing the motion of a particle in quantum mechanics were investigated. In
addition, inverse spectral problems for weighted Dirac system were studied in [27].

One studied the properties of the eigenvalues and vector-valued eigenfunctions
for the Dirac system with the same spectral parameter in the equations and the
boundary conditions [28]. Sampling theory of signal analysis associated with Dirac
systems, when the eigenvalue parameter appears linearly in the boundary condi-
tions was investigated in [29]. One investigated a problem for the Dirac differential
operators in the case where an eigenparameter not only appears in the differential
equation but is also linearly contained in a boundary condition, and proved unique-
ness theorems for inverse spectral problem with known collection of eigenvalues and
normalizing constants or two spectra [30]. Other than these studies, there are many
papers in literature (see [31H35]).

Inverse nodal problems for Dirac system had not been studied until the works
of Yang and Huang [36]. They gave reconstruction formulas for one dimensional
Dirac operator by using nodal datas. Later years, inverse nodal problem was solved
for Dirac system under different boundary conditions [37,[38].

Consider the Dirac system

By'(x) + Q(z)y(z) = My(z),0 <z <, (1)
with boundary conditions

(Acosa+ ap) y1(0) + (Asina + by) y2(0) =
(Acos B+ a1) yr(m) + (Asin B+ by) yo(m) =

)

0
0, (2)

where ) is a spectral parameter,
5= ( o ) Olx) = ( Vim0 ) y(z) = ( e >£3)

and V is a real valued, continuous function on [0, n]. Furthermore, m, ay, bi(k =
0,1),a and § are real constants: moreover —% < o, 3 < 7 [38]. Throughout the
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paper [38], Yang and Pivovarchik supposed that
apsina — bgcosa > 0,
a;sinf8 — by cos 8 < 0. (4)

The properties of the eigenvalues and eigenfunctions of the problem (1)-(2) were
studied in [28]. Under the condition (4), the eigenvalues of the problem (1)-(2) are
real and algebraically simple [28]. Considering (3) in (1), we get

(5 o) (U )+ ("™ v ) () ) =2 ()

and thus, equation (1) is equivalent to a system of two simultaneous first order
differential equations

ya(, A) + [V(2) + mlyr(z, A) = Aya(z,A) = 0,
—1i(@,A) + [V(2) = m]y2(@,A) — Az (2, A) = 0. ()

In general, potential function of Dirac system (1) has the following form

Q) = ( pii(z) pra(x) > ’

pzl(w) p22(9€)

where p;r(x) (i, k = 1,2) are real valued and continuous functions on [0, 7]. For the
case in which pi2(z) = pai1(x) = 0 and p11(z) = V(x) + m, paa(z) = V(z) — m,
where m is the mass of particle, the system (5) is known in relativistic quantum
theory as a stationary one dimensional Dirac system or first canonical form of Dirac
system [4].

Let (2, An) = [y1(2, An), y2(x, An)]” be two dimensional vector eigenfunction of
the Dirac system (1) related to the eigenvalue A = \,,, where T' denotes transpose.
Assume that xJ? are the nodal pomts of z th component y;(x, A,) of the n—th
eigenfunction y(a: A ), where 0 < 21! < 22% < .. < 271" < 7. In other words,
yi(zh, Ap) = 0. Let I7F = (g, aith Z) be the j— th nodal domain, and let

[ = gt _ g

be the associated nodal length. For simplicity, we agree that 29* = 0 and x‘nlﬂ o=

7. We also define the function j, ;(z) to be the largest index j; such that 0 < 23 < z
for n > 0 and j,i(x) to be the largest index j; such that 0 < z < zJ:* for n < 0.
Thus, j; = jni(z) if and only if z € [24%, 2 T1) for n > 0 and (2771 22 for
n < 0 [36].

Denote A" = {zJ/},i = 1,2. Hence, A = A! U A? is called the set of all nodal
points of Dirac operator. This set is dense on [0, 7] [38]. Throughout this study,
we’ll give all proofs for the first component of the eigenfunction.

The rest of this study is arranged as follows: In remaining part of section 1, we
give some properties of Dirac system and quote some important results to use in
main theorems. In section 2, we obtain some reconstruction formulas for potential
function under different boundary conditions. Finally, we define do, dx,,, to prove
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Lipschitz stability of inverse nodal problem. Then, we express Theorem 14 in section
3. By this theorem, we prove the Lipschitz stability of inverse nodal problem for
Dirac operator.

Now, we need to remind some conclusions which are given by [38] to use in our
main results.

Lemma 1. [38] The spectrum of the problem (1)-(2) consists of eigenvalues {\,}

nez
which are all real and algebraically simple behave asymptotically as
1
)\n:n—2+v+c+0<2>,n—>oo, (6)
T on n
and
1
)\n:—n+v—c+0<2>,n—>oo,
T n n
where
v:/V(t)dt—l—B—oz,
0
o m72 L m (sin 2 — sin 28) + ag sin o — by cos « B alsinﬂ—blcosﬁ.
2 21 T T

x,\)

Y2 .Z‘,A)

4(0,0) = ( — (Asina + bp) ) 1)

Acosa + ag

Lemma 2. [3§] Let y(z,\) = ( ylg ) be the solution of (1) satisfying the

condition

then, we have

x T

2
y1(xz,\) = —Asin | Az — /V(t)dt +o|+ %m cos | Az — /V(t)dt +a
0 0
—mecosasin [ Az — /V(t)dt —apsin | Az — /V(t)dt (8)
0 0

—bgcos | Az — /V(t)dt +0 (i\) ,
0

and

T T
2

ya(z,\) = Acos | Az — /V(t)dt +al+ %x sin [ Az — /V(t)dt +a
0 0
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+ msin asin )\x—/V(t)dt + agp cos )\x—/V(t)dt 9)
0 0

%m,m/wwt+OCA)
0

wherer = |Im | .

Lemma 3. [38] For sufficiently large n > 0, the first component yy(x, A\y) of the
eigenfunction y(x, \,) for Dirac system has exactly N(«,3) nodes in the interval
(0,7) where

n—2, fora>0andB>0o0r fora<0andB <0
N(a,8)=¢ n—3, fora>0and <0
n—1, fora<0andpf>D0.

Moreover, uniformly with respect to j € {1,2,..., N(«, 3)}, the nodal parame-
ters of the problem (1)-(7) has the following asymptotic formulas, respectively for
sufficiently large n,

2o
- 202 gm 1/ Q@
o= D Y ()dt— —

0

m sin 2«
202 — m?2 n 222

ag sin o — by cos « 1
L 1o (A)]

n

and
A1

, 222 T 1 1

7,1 n

17 abycl b W / V(t)dt+0<)\3> ,
ot

n

where n # :FL\/% + 2. Now, we consider the system (1) with boundary conditions

u1(0) cos @ 4+ uz(0) sina = 0,

uy () cos B + uy () sin B = 0, (10)
where 0 < &, < m, and m is positive in (3). It is well known that the spec-
trum of the system (1) with the boundary conditions (10) includes the eigenvalues

Xn, n € 7Z which are all real and simple, and the sequence {Xn} satisfies the classical
asymptotic form [4], [36]

- T 1
/\n=n+”+cl+o(2>, (11)
i n n
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where

v=pF-a+ [V(t)dt,er =

™

R /~ m(sin 2& — sin 28) + m2x
0

27 cos? /V(t)dt —a+p
0

~ ~ N\T
Let u(z, ) = (ul(a:, A), ug(z, )\)) be the solution of the system (1) with initial
conditions
u1(0,A) = sina, uz(0, \) = —cos . (12)

Then, by successive approximations method, there hold

N N\ e
ui(z, A) = sin )\x—/V(t)dt—i—oz —T—I—O —— | »
A
0

- I x|
uz(x, ) = — cos )\m—/V(t)dt—&—a —N—I—O<e~2 , (13)
A
0

for large ‘X

, where [36]

Ui(z,A) = —msin | Az — /V(t)dt cosa + %m cos | Az — /V(t)dt +al,
0

0
T

Us(z, A) =msin | Az — /V(t)dt sina + %az sin | Az — /V(t)dt +a]. (14)
0 0

Lemma 4. [36] For sufficiently large |n|, the i—th component uz(x,xn) of the
eigenfunction u(x, A\,) of the problem (1),(2) has exactly |n| + 1 — i nodes in the
interval (0, 7). Moreover, the asymptotic formulas for nodal points of first and sec-

ond components of the eigenfunction u(x, Xn) as |n| — oo uniformly with respect to
j € Z are as following

~2 Ty .
; 2\ j 1 [= a  (—1)/msin2a 1
= Iy V(t)dtf)‘+()nf;1“[+0<~3> ,
2\, — (=1)im? [ A And An 2\, A
(15)
and
-2 ) w2
. 2\ -3 a
F2 = n U-3)r 1 V(t)dt — —
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—1)i*1msin 2 1
+()%2 +0 <~3>] (16)
2X, A

n

1)2m

where n # :F 7 .The nodal lengths ZJ 'L for the problem (1), (12) have the fol-
lowing asymptotic expansions

Tl / Vit dt+ (=1)7*t — (=1)7 }msin 2&
! J, 2x,,
)i ALY (1) 50 L2 1
AyE, = (-07F m? <~> .
n n
In case of j =2k (or j =2k+ 1),k € Z; we get
~2 ar
~ 2A 1 2a 1
R [ O 0 L L) <~3> .
2\, £m? | A An 2X, A,
s

We can easily obtain E,z similarly as |n| — oo by using definition of nodal
lengths and (16). Here, {x'}, {L'},i = 1,2 and {\,},{\,} are the nodal sets
and eigenvalues of the problems (1), (7) and (1), (12), respectively.

Theorem 5. V € L1(0, 7). Then, for almost every x € (0,7), with j; = jni(x),
I‘Z;Fl,i z‘zj»l,i
lim A, / V(t)dt =V (x), lim A, / cos(2\,mt)V (t)dt = 0,

jyi
o

where i = 1,2 and A\, = n— 2 for the problem (1), (7). We can express the similar
theorem for the problem (1), (12).

Proof. Tt can be proved by similar method given in [1]. The fact that the function
V is on the L1(0,7) space is used here. O

Remark 6. [36] {zii} c A, {25} C AP are chosen such that
lim 20" =z = lim 277,
n—oo n—oo

where i = 1,2 and x € [0, 7).

2. RECONSTRUCTION OF POTENTIAL FUNCTION BY USING NODAL POINTS

In this section, we will derive some reconstruction formulas of potential functions
V and V where [J:¢ lJ “ and x", 70" are nodal lengths and nodal points for the
problems (1), (7) and ( ), (12), respectlvely Here, all of our proofs and definitions
will be given for the first component of eigenfunction (That is, for i = 1).
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Theorem 7. Let V, Ve L]0, 7] be the potential functions for Dirac system under
the conditions (7) and (12), respectively. Define F,, by
a) for the problem (1), (7),

i
L

Fo(z) = (n— 2 PR PP
n.’E)—('I’L— ) j=1|:n_ _2(n2):|n -7
b) for the problem (1), (12),
ﬁ(:r):n S:l{n:tm?]ﬂlfm:tmzﬁj’i—w
" ot 2n | " n " ’

where 3 = g +thi — i gnd [ = F+51 — 304 (§ is odd or even). Then, F, and
F,, converge to V and V pointwisely almost everywhere, respectively and also in L
sense .Moreover, pointwise convergence holds for all the continuity points of V' and

V.

Proof. a) We will consider the reconstruction formula for the potential function of
the problem (1), (7). Observe that, by Lemma 3, we have

Zit11
An m2gt 1" 1
npgl n__ _ _
ﬂl” ! 20w / V<t)dt+0<x\i>’
7,1
and
:E"ZL+1Y1
[t (o = Y Z ] 2 V)t +0 (—
J,1

Then, by using asymptotic expansions for eigenvalues, we obtain

An [lfil <An - ;i) —W} = [n—2+0 (i)} [li';l (n—2+0 (;)
2<n—277+o<;>> ]

o] oo rofd)-

Hence, to prove Theorem 7 (a), it suffices to show Theorem 8.
(b) It can be proved analogously. To complete the proof of Theorem 7 (b), it
suffices to express Theorem 9. ([
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Theorem 8. The potential function V € L1(0,7) of the problem (1),(7) satisfies

. 11
— 1 7,1 _ 2°n
V(z) nll)néo [ln A —m . 7T:| Ans
for almost every x € (0,7), with j1 = jn1(x).
Proof. Lemma 3 yields
Zit11
/ V(t)dt
274,1 i
j,1 m Zn . T 1
AT MAn*O(Ag)’
so that
R
, 2151 ! 1
ZJ’l—m"))\n—w])\n:)\n/tht—i—O(). 18
K" 277 ) W An (%)

We may assume 3! # z. By Theorem 5 , if we take limit of both sides of (18)
as n — oo for almost x € (0,7), we get

. 5,1
V(z) = lim [zgﬂn - mZé"T - w] A

(]
Theorem 9. The potential function V € Li(0,7) of the problem (1),(12) satisfies

_ - ~i1 . i1l
V(z) = lim [lf{l)\nimZ(x” —21—;% )

— w} Xn + msin 2,
n—0oo
for almost every x € (0,7), with j1 = jn1(x).

Proof. It can be proved by using similar process to Theorem 8. ]

3. MAIN RESULTS

In this section, we solve a Lipschitz stability problem for Dirac operator. Lip-
schitz stability is about a continuity between two metric spaces. So, we have to first
construct these spaces. To show continuity, we use a homeomorphism between these
spaces. Stability problems were studied by many authors [2/39,40]. To solve stabil-
ity problem, we give a main theorem which execute that the inverse nodal problem
for Dirac system is stable with Lipschitz stability. Here and later, we denote the
space of all admissible nodal sequences which converge to V by X = {X,’j’i} , where
Lt = XFrhi - Xk =12

Definition 10. Let N’ = N — {1}. We denote the space Qp; of all potential
functions of Dirac system and the space X p;, of all admissible sequences by
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(i):
Qpir ={V € L1]0, 7] : V is the potential function of the Dirac system},
and X pir =The collection of the all double sequences defined as
X={XF k=12 .nneN0<X}M <X <. <X "<n}
for each n € N.
(ii): Let X € Spiy and define X = {X}'} where IFt = (X!, XETLL) - We

say X is quasinodal to some V € L1(0,m) if X is an admissible sequence
of nodes and satisfies (I) and (II) below:

(I) X has the following asymptotics uniformly for k, as n — oo
1
Xkl = Mo <> k=1,2,..,n
n—2 n
for the problem (1), (7). And the sequence

n—1 m2
Fy=(n—2 S SR LR % -
. >{Z ey ”}’

k=1

converges to V' in L.
(II) For the problem (1), (12), X has below asymptotics uniformly for k, as

n — oo

k 1

xt =210 () k=1,2,..,n

n n

and the sequence

n—1 2 2
m k, m k,
converges to 'V in L1. X € X, is nodal if X satisfies one of the above asymptotic
behaviours.

We denote 2p;,- as a collection of all Dirac operators and the space X p;,- as a
collection of all admissible double sequences of nodes such that related functions are
convergent in L;. A pseudometric ds;,,, on ¥Xp; will be defined. For convenience,
we will use the notation X for the first component. Essentially, ds.,, (X, X) is so
close to

s o m? = k1 _ gkl
dO(X,X):nlLII;OW n*27m ;‘L"' 7Ln B
where n > —= + 2 and LEl = Xkl xkL fi’l = Yffl’l — ys’l.

V2

If we define X ~ X if and only if dx,,, (X, X) = 0, then ~ is an equivalence
relation on ¥ p;, and dy ;. would be a metric for the partition set 3%, = Zpir/ ~ .
Let X pir, C Xpir be the subspace of all asymptotically equivalent nodal sequences
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and let ¥7,; = Xpir,/ ~ . Let ® be a homeomorphism the maps Qp;, onto ¥7,,,. .
We will call @ as a nodal map.

Lemma 11. Let X, X € Xp,,.
a) If X belongs to case I, then

1
Lkt = T +O(> k=1,2,...n.
n

n—2
If X belongs to case II, then

L§,1:W+0<) k=1,2,...,n.
n

¢) For all z € (0,7), define J,1(x) = maks{k : XK1 <2} so that k = J, 1(x) if
and only if x € [ X1, X1tV Then, for sufficiently large n,

b) Xn,k = Xﬁ’l _Y:’l‘ =0 (l) :

| () = Toa(2)| < 1.

Proof. a) For case I, we get

1
Lt = xkrbl — Xkt = - 71 5+0 <n> ;

by using the definition of nodal lengths. Similarly, for the case (II), we obtain
Lk,l _ Xk:+1,1 o Xk,l _ E + 9] l
n n n n n *

b) We only consider case I. The other case is similar. By using asymptotic

estimates, we get
1
n

Xt << X s Mo (1> —xpt e < xpi = AT (1> ,

km _Y:,l
n—2

& k.1 & km
X k| = ‘Xn’l - X, ( < ’Xn’l - “‘

c) Fix x € (0,7). Let J; = J,,.1(z) and J; = J,, 1(x). Since

n—2 n n—2 n
and
-7 iy J 1 -7 -7 J 1
Xil,lgxgxi1+1,1:> Jim oL :Xil,lngXilﬂ,l: Jim o).
n—2 n n—2 n

when n is large enough, J, +1 > J; and J; +1 > J;. Hence, -1 < J; — J; < 1,
then |J; — Ji| < 1. O
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Definition 12. Suppose that X, X € Xp,,. with LF1 and f:’l are their respective
grid lengths. Let

Ay s (19)

- m2 n—1
Sn (X, X) =7 n22(n_2)] ;

Define

- _ L 5.(x.X)
dO (X7X) = nILH;oSn (X,X) and dEDi'r (X,X) = nleréom

We get this metric by evaluating HV — V”l in Theorem 14 This definition was
first made by [1]. Since the function f(z) =

is monotonic, we have

14z
d (X Y) — m € [0, 7]
Spir ) - 1+d0 (X’Y) y Ty
admitting that if dy (X, Y) = 00, then dyx,,, (X, Y) = 1. Conversely
dsp,, (X, X)
1—ds,,, (X,X)

do (X, X) =

We can easily prove this equality by using Law’s method [1}2].

Lemma 13. Let X, X € pi,.
a) dsp,, is a pseudometric on Xpj. o
b) If X and X belong to different cases, ds,,,, (X,X) =1.

Proof. It can be proved similar way with in |1]. While realizing the conditions for
being metric in the first proof, the space of all admissible nodal sequences is used
in the second proof. [l

Stability problems for Sturm-Liouville and Hill’s operators were studied in [1}2]
respectively. Now, we prove the stability of the inverse nodal problem for Dirac
operator with Lipschitz stability. The below theorem guarantees the Lipschitz
stability of inverse nodal problem for Dirac operator.

Theorem 14. The metric spaces (Qpir, ||.|l,) and (X3, / ~,ds,,, ) are home-
omorphic to each other. Here, ~ 1is the equivalence relation induced by dx,,, .
Furthermore

dsp,, (X, X)

—ds,,, (X, X)’

v -7, =

Dir

where ds,,,, (X,X) < 1.
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Proof. By Lemma 13 we only need to consider when X ,X € ¥p;, belong to same
case. Without loss of generality, let X, X belong to case I. In this case, we should
denote

V=V, =do (X, X).

According to the Theorem 7, F,, and F,, converge to V/ and V, respectively. If
we use the definition of norm in Ly for the functions V and V', we have

J— 2 7 p— 1
V-V, =n-2) {n_ 2_ 2(;”_2)} /‘Lin,l(w),l ST o),
0

Hence by Fatou’s Lemma,

™
2

vV m T —Jn,1(x),1
||V_VH1§(”—2) {n_2_2(n—2)}/‘L7{n’1( ),1_Ln z ‘dm
0

m? 7 —Tna(@),l  =Tni(e)1

-2 -2 - — L " L ’ . 2

#-) -2 ] [T O 0)
0

Here, first and second terms can be written as

K

n—1
/‘L;{n,l(w),l —fi"’l(r)’l‘dm: T3 ‘Lii’l s
k=1

n—2 "
7 — x — T (z 1
it ea(3)
n
0
If we consider last equalities in (20), we get

V-7l < -2 [e-2- 525 o ()

1
i (m) |
0
and

n—1
+(n—2) [n—2— 2(:122)} [nﬂ2kz_:1‘Lﬁ71 —ijl""O(le)} :
and o
v -7, <7r[n—2—2(£n_22)] ; LB TE o). (21)
Similarly, we can get
— m? 1= —k,1
|V -V, zw{n—2—2(n_2)] SO =TI, | +o(1), (22)
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If we consider (21) and (22) together, we obtain

2 n—1
V-V, =~ n—2—m] LT
! 3(n —2) ;

The proof is complete after taking the limit as n — oo. O

4. CONCLUSION

In this study, Lipschitz stability of inverse nodal problem is proved for Dirac
operator by using zeros of the first component function of two dimensional vec-
tor eigenfunction. Proofs are made for the first component of the eigenfunction
throughout the study. Such a way was followed, since the proofs for the second
component have similar behavior. Especially, two metric spaces were defined and
it was shown that they were homeomorphic to each other. These results are new
and can be generalized.
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