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Abstract

In the present paper, we study the J-iterative scheme of Bhutia and Tiwary (J. Linear Topol. Algebra, 8(4), (2019), 237-250) in Kohlenbach
hyperbolic space. We prove the weak w?-stability and data dependence theorems of this iterative scheme for contraction mappings. We
also give some A-convergence and strong convergence theorems for generalized a-nonexpansive mappings and finite families of total
asymptotically nonexpansive mappings using J-iterative scheme. The results presented here can be viewed as a generalization of several
well-known results in CAT(0) space and uniformly convex Banach space.
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1. Introduction

Kohlenbach [8] introduced the concept of hyperbolic space, defined below, which plays a significant role in many branches of mathematics.
A hyperbolic space is a triple (X,d, W) where (X,d) is a metric space and W : X x X x [0,1] — X is a mapping such that

HD d(z,W(x,y,a)) < (1 —a)d(z,x) + ad(z,y),

(H2) d(W (x,y,00), W (x,y,B)) = |o. — Bld(x,y),

(H3) W(X,y,a) = W(y7x7 1— a)7

(H4) d(W (x,z, @), W (y,w,a)) < (1 —et)d(x,y) + ad(z,w)

forall x,y,z,w € X and o, B € [0, 1].

A mapping 7 : (0,00) x (0,2] — (0, 1] which provides 6 = n(r, €) for given r > 0 and € € (0,2] is called a modulus of uniform convexity of
X. The function 7 is monotone if it decreases with r for a fixed €.

In [10], it is noticed that any normed space is a hyperbolic space with the mapping W (x,y,y) = (1 — y)x+ Yy and it is proved that CAT(0)
space is uniformly convex hyperbolic space with the quadratic modulus of uniform convexity n(r,€) = %. Thus, the class of uniformly
convex hyperbolic space is a natural generalization of both uniformly convex Banach space and CAT(0) space.

Remember that a sequence {x,};_, in X is said to be A-convergent to x € X if x is the unique asymptotic center which is denoted by
A(X, {un,}) = {x} (see [11, 17]) of {up, }_, for every subsequence {up, }_; of {x,},_;. In this case, we write A-lim,_ye x, = x and call
x as A-limit of {x,};_; .

In 2019, Bhutia and Tiwary [3] introduced a new iterative scheme in Banach space which is called J-iterative scheme, as follows:

x; €C,

zn = T[(1 = Bp)xn + BuTxa],
Yn = T[(l - an)Zn + anTZn]a
Xpp1 =Ty, Vn2>1.

They proved that this iterative scheme is faster than the recent schemes such as K-iterative [4], K*-iterative [19, 24], M*-iterative [23] and
M-iterative [7, 17, 25] for contraction mappings. Also, they obtained a result for Suzuki generalized nonexpansive mappings under J-iterative
scheme. In 2021, Izhar-ud-din et al. [S] modified the J-iterative scheme and proved some A-convergence and strong convergence theorems
of the modified J-iterative scheme in CAT(0) space using total asymptotically nonexpansive mappings defined in [1].
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Motivated by these papers, we study the weak w2-stability, data dependence and convergence theorems of the J-iterative scheme in
Kohlenbach hyperbolic space. This paper contains four sections. In Section 2, we establish the weak w2-stability and data dependence
results of the J-iterative scheme for contraction mappings. In Section 3, we prove some A-convergence and strong convergence theorems of
the J-iterative scheme for the class of generalized a-nonexpansive mappings which contains the class of Suzuki generalized nonexpansive
mappings. In Section 4, we also prove some A-convergence and strong convergence theorems for a finite family of total asymptotically
nonexpansive mappings using the J-iterative scheme. Our results generalize the corresponding theorems of Bhutia and Tiwary [3] for
uniformly convex Banach space and the theorems of Izhar-ud-din et al. [5] for CAT(0) space and many others in this direction.

2. The weak w?-stability and data dependence results
We first extend the J-iterative scheme into the hyperbolic space as follows:

x1 €C,

=T W (xn, Txn,Bn)),
=T W(zn,Tzn, 0)),
Xpt1 =Tyn, Vn>1.

(2.1)

Throughout the paper, we presume that C is a nonempty, closed, convex subset of a hyperbolic space X and T : C — C is a contraction
mapping such that the fixed point set F(7') is nonempty. In this case, it is known that the fixed point of T is unique.
The following theorem is a generalization of Theorem 2.1 in [3] to hyperbolic space.

Theorem 2.1. Let {x,},_; be the iterative sequence given by (2.1) with the real sequences {04, },_; and {B,},_, in [0,1] satisfying ¥,
Bn = oo. Then the sequence {x,},_; converges to a fixed point of T strongly.

Proof. Let the unique fixed point be p. From (H1), (2.1) and the contractionness of 7', we have

d(xp41,p) = d(Tyn,p) < ad(yn, p), (2.2)
d(yﬂvp) = d(T(W(ZﬂvTvaaﬂ))vp)
< ad(W(ZmTZman)»p)
< al(l—oy)d(zn, p) + 0ud(Tz4, p)]
< al(1 = on)d(zn, p) + Owad(zy, p)]
= a(l—ou(1—a))d(z,p) < ad(z,p) (2.3)
and
d(Zn,p) = d(T(W(mexmBn))ap)
< ad(W(xn,Txn,Bn),p)
< a [(1 - ﬁn)d(xml’) + Bnd(Txnup)}
< a[(] _ﬁn)d(xnap)‘i'ﬁnad(xml’)}
= a(l=Pu(1—a))d(xs,p). 24
Combining (2.2), (2.3) and (2.4), we obtain
d(xps1,p) < @ (1= Bu(1—a))d(xn, p)
< @(1-Bu(1-a))a’ (1= By (1 —a))d(x,—1,p)
< .
< (@) TTie (0= Bt —a)d(n,p). @5)

It is well-known from the classical analysis that 1 —x < e~ * for all x € [0, 1]. Taking into account this fact together with (2.5), we have
d(Xpi1,p) < <a3)”67(17a))22:1 B"d(xl,p).
Since ¥;»_ | By = and a € [0, 1), then we get that limy,—eo d(Xy,4-1, p) = 0. Thus we obtain x,, — p € F(T). O
Remark 2.2. If the condition Y, B, = oo replace with }>_| ¢4, = oo in Theorem 2.1, then we can rewrite (2.5) as
d(on.p) < (@) Thi (1 (1 —a)d (. p).

Therefore, we get the same result.

Timis [22] has defined the following concept of weak w?-stability by adopting equivalent sequences instead of arbitrary sequences in the
definition of T-stability in [2].
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Definition 2.3. (see [22, Definition 2.4]) Let (X ,d) be a metric space, T be a self mapping on X and {x,},_; C X be an iterative sequence
produced by a general relation of the form

x1€X
Xn+1 :f(T7xn)7 Vn > 17

where f(T,x,) denotes all parameters in the given iterative scheme. Suppose that {x,},_, converges to p € F(T) strongly. If for any

equivalent sequence {yn},_; CX of {xn}p_;

Jim d (yp1, f(T,yn)) = 0= lim y, = p,
then the iterative sequence {x, o, is said to be weak w-stable with respect to T.

Next we show that the J-iteration process is weak w2-stable with respect to 7.

Theorem 2.4. Suppose that the condition of Theorem 2.1 holds. Then the iteration process (2.1) is weak w*-stable with respect to T.
Proof. Let {x,},_, be the iterative sequence given by (2.1) and {p,},_; C C be an equivalent sequence of {x, },_;. Set

& =d(pnt1,Tqn),
where g, = T(W (ry, Try, 0,)) with r, = T (W (pp, T pn, Bn)). Suppose that lim,,_,. €, = 0. It follows from (H4) and (2.1) that

d(pus1,0) < d(pprisXns1) +d(Xns1,p)
< d(ppt1,Tqn) +d(Tqn, Tyn) +d(Xy1,p)
< g +ad()’n7Qn)+d(xn+lvp)a

d(TW (20, Tzn, 00)), T(W (rn, Trn, )))
ad(W (20, Tzu, O ), W (rn, Ty, Oly))
(1= o)d(zn,rn) + 0d(Tzn, Try))
(1 —aty)d(zn,rn) + Onad(zn,mn)]
1 — (1 —a))d(zn,rn) < ad(zn,ry)

d()/mqn)

IAN AN IA

al
al
(

a

and

d(zn,rn) d(T(W (X0, Txn, Bn)), T(W (P, T s )
ad(W (xn, Txn, Bn)s W (P T pns Bn))
a[(1=PBn)d(xn, pn) + Bnd(Txn, T pn)]
al(1—Bn)d(xn, pn) + Buad (xn, pu))
(1—

Bu(1—a))d(xn, pn)-

ININCIN

a

These inequalities imply that

d([’nJrl»p) <& +a3(1 _Bn(l _“))d(xmpn) +d(xn+17p)- (2.6)

From Theorem 2.1, it follows that limy, . d (x,,+1, p) = 0. Since {x,},,_; and {p, },,_, are equivalent sequences, we have lim, oo d (X, pn) =
0. Now taking the limit of both sides of (2.6) as n — o and then using the assumption lim,—. &, = 0, we have lim,—eo d(pp+1,p) = 0. Thus
{xn}or_, is weak w?-stable with respect to T. O

Next we prove the data dependence result for the J-iterative scheme.

Theorem 2.5. Let T : C — C be an approximate operator of T, that is d(Tx,Tx) < € for all x € C and for a fixed € > 0. Suppose that
{xn}pey and {X,},_, are two iterative sequences defined by (2.1) and

X1 €C,

Zn :T(W(fnaTxmBn))v
I =T (W (Zn,Tn, 0n)),
Xn+1 :Tym Vn>1,

2.7)

respectively, where {0t },,_; and {B,},._, are real sequences in [0,1] satisfying Yo, Bn = o. If p=Tp and p = Tp then we have

(@®+2a®+a+1)e

d 77 < b
(p,p) < -3

where a € [0,1).
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Proof. 1t follows from (2.1) and (2.7) that

d (Ty,,,Tyn)

d(Tyn,Ty,) +d(T5,,T5,)
ad(ynayn) +€a

d(Xpi1,%n41)

INIA

d(T(W (W (2, TZn, 0n)))

d(T(W (W (2, TZn, 0)))
+d(T(W(Zn7TZnaan)) T( (Zn»szan)))
ad(W (zn, Tz, 0), W (Zn, T2, O) ) + €

a (1= )d(zn,Zn) + 0nd(T 20, T%)] + €

a(1 = 0,)d(z0,%n) + @0 [d(T20, TZ) +d(T%0, T7)] + €
a(1 — a)d(zn,Zn) + a0p[ad(zn,Zn) + €] + €
a(l1— o, (1—a))d(zn,Zn) +a0me+ €

d(ynayn) vaTZnaan))»T
T

Zny T Zn, an))

IN

(
(

VAN VAN VAN VA

and

d(Zn»Zn)

IN

d(T(W (xn, Txn, Bn)), T (W (X, T, B)))
d(T(W (xn, Txn, Bn)), T (W (Xn, T, B)))

+d(T (W (X, Txmﬁn) T( (xnannaﬁn)))

ad(W (xn, Txn, Bu), W (Xn, TXn, B)) +

[(1 — Bn)d (xu,%n) + Bud (Txanxn)} +&

a(l = Bu)d(xn,Xn) +aPy [d(Txn, TXn) +d(TXn, TXn)| + €
a(1—B,)d(xn, %) + aPnlad (x,,%,) + €] + €

= a(l1-B,(1—a))d(xn,Xn) +aPpe+e.

Av

ININ A IA
Q

Combining these inequalities, we get

A1 %n1) < @ (1= 0(1—a)) (1= Bu(1—a))d(xn, %) + @ (1 — (1 —a)) e
+a2(1fan(lfa))£+a2a,1£+a£+s. 2.8)

If @® € (0,1) then we can find a real number k € (0, 1) such that a® = 1 — k. Hence, by the facts of o4, B, < 1, 1 — 04 (1 —a) < 1 and
1—B,(1—a) <1foralln> 1, we can rewrite (2.8) as

3 2
€+2a°e+ae+¢
d(xn+l7xn+1) (l_k)d(xn>xn)+ka ha ak+a ha .
By Lemma 2.2 in [20], we have
3 2
2 1)e
d(p.p) < 2 Fatle
1—a?
If a® = 0, from (2.8), we get d(p,P) < &. This completes the proof. O

Remark 2.6. In the proof of Theorem 2.5, we can also rewrite (2.8) as

a’Bue+a*e+atope+as+e€

d(Xpt1,Xn41) < (1 =k)d(xy,%n) +k -

If the condition limy,_,e Oy = im0 By = 0 is added for the sequences {0, },,_; and {B,},,, in the hypotheses of Theorem 2.5 then we

obtain that
€
dp.p) < 1—

3. Some convergence results for a generalized a-nonexpansive mapping

The following theorem is a generalization of the results in Section 3 of [3].

Theorem 3.1. Let C be a nonempty, closed, convex subset of a complete, uniformly convex hyperbolic space X with the monotone modulus
of uniform convexity ) and T : C — C be a generalized a-nonexpansive mapping. Let {x,},_, be the iterative sequence (2.1) with real
sequences {0}y and { By}, in [a,b] for some a,b € (0,1).

(a) If F(T) # 0, then limy, ;0 d(xy,, p) exists for each p € F(T).

(b) Then, F(T) # 0 if and only if {xn},_, is bounded and limy, e d(xn,Tx,) = 0.
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Proof. (a) Let p € F(T). By Proposition 3.5 in [13], we have

d(xp11,p) = d(Tyn, p) < d(yn,p), (3.1

d(ynap) = d(T( (Zn:TZman))ap)

d(W (zn,Tzn,0),p)

&n)d(zn, p) + 0nd(T 2, p)

Qn)d(zn, p) + 0nd (2, p) = d(zn, p) (3.2)

ININCIA

(1-—
(1-—
and

d(thp) = d(T(W(xanxmﬁn))vp)

< d(W(xn7TxmBn)>P)
< (1= Bn)d(xn, p) + Bud(Txn, p)
< (1= Bu)d(xn, p) + Bud(xn, p) = d(xn, p). (3.3)
By (3.1), (3.2) and (3.3), we obtain
d(ni1,p) < d(xn,p). 34

Hence the sequence {d(x, p)},_, is non-increasing and bounded below, which implies that

15n d(xpn, p) exists for all p € F(T). 3.5)
fraresy

(b) Suppose F(T) # 0 and choose p € F(T). Then, by (3.5), lim,—e d (x5, p) exists and {x, },,_; is bounded. Let

1En d(x,,p) =c¢ forsome ¢ > 0. (3.6)
N—yoo
Noting d(Txpn, p) < d(xn, p), by (3.6) we have
limsup d(Tx,, p) <c. (3.7
n—oo

Taking the lim sup on both sides of (3.3), we obtain

limsup d(z,,p) < c. (3.8)

n—oo

By (3.1) and (3.2), we get

d(anrlyP) < d(Zn7P)7

which yields that
<Tim:
c< hnnllg‘}f d(zn, p). (3.9
From the estimates of (3.8) and (3.9), we have that
r}glgod(zn,p) =c. (3.10)
Thus, from (3.3), (3.6) and (3.10), we obtain
lim d(W (xn, Txn, Bn), p) = c. (3.11)
n—oeo

With the help of (3.6), (3.7), (3.11) and Lemma 2.5 in [9], we get

lim d(x,,Tx,) =0. (3.12)

n—

Conversely, we assume that {x,},._, is bounded and limy . d(xs, Tx,) = 0. Let p € A(C,{x,}). By Lemma 5.2 in [13], we have

r(Tp{xn}) = limjur) d(xn, Tp)
n o
3
< (ﬂ) limsup d(x,, Tx,) + limsup d(x,, p)
-« n—soo n—soo

= limsup d(xy,p) = r(p,{xa})
n—soo

Hence, we conclude that Tp € A(C,{x,}). Since the sequence {x,},_; is bounded, by Proposition 3.3 in [11], A (C, {x,}) consists of a
unique element. Hence, we have Tp = p. Thus, F(T) # 0. O

We now prove the A-convergence theorem of the iterative sequence {x, },._; defined by (2.1) for a generalized o-nonexpansive mapping in
a hyperbolic space.
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Theorem 3.2. Let X,C,T and {x,},,_, be the same as in Theorem 3.1 and F (T) # 0. Then the sequence {x,},._, is [\-convergent to a fixed
point of T.

Proof. By Proposition 3.3 in [11], the sequence {x, },,_; has a unique asymptotic center A (C, {x, }) = {x}. Let {uy, };_, be any subsequence
of {x,},—; such that A (C, {u,, }) = {u}. Then, by Theorem 3.1, we have that limy_, e, d (1, , Tup, ) = 0. It follows similarly from the proof of
Theorem 3.1 that « is a fixed point of 7. Next, we claim that the fixed point u is the unique asymptotic center for each subsequence {uy, }7._,
of {x,,}::l . Assume on the contrary that x # u. Since lim,—,.. d(x,,u) exists, by the uniqueness of asymptotic center, therefore we have
limsup d(uy,,u) < limsup d(up,,x)
k—roo k—roo

< limsup d(xp,x)
n—yoo

< limsup d(x,,u)
n—soo

= limsup d(uy,,u).
k—o0

This is a contradiction. Hence x = u. Since {up, }_; is an arbitrary subsequence of {x,},_, , therefore A (C,{un.}) = {u} for all
subsequences {uy, } ;. of {x,},_;. It is proved that the sequence {x, },_, is A-convergent to a fixed point of T O

Next, we prove the strong convergence theorem.

Theorem 3.3. Suppose that all conditions of Theorem 3.2 hold. Then the sequence {x,},_, converges to a fixed point of T strongly if and
only if liminf, e d(x,, F(T)) = 0 or limsup,,_,.,d(x,, F(T)) = 0, where d(x,F (T)) = inf{d(x,p) : p € F(T)}.

Proof. If the sequence {x,},._; converges to p € F(T) strongly then lim, e d(x,, p) = 0. Since 0 < d(x,,F(T)) < d(x4,p), we have
liminfy, e d(xn, F(T)) = limsup,,_,..d(x,, F(T)) = 0.

Conversely, suppose that liminfy, e, d(x,, F (T)) = 0 or limsup,,_,.,d(x,,F(T)) = 0. It follows from (3.5) that lim, . d(x,,F(T)) exists
and hence lim,, .. d(x,, F (T')) = 0. Therefore, there exist a subsequence {x,, },-_; of {x,},_; and {px};—, in F(T) such that d(x,, , px) < %
for all k > 1. By (3.4), we have

1
d(xnk+] 7pk+l) S d(x"lk7pk) < 277
which implies that

1

1 1
d(prr1;pr) L APt Xmey) +d oy Pr) < STt 3 < 3T —0 ask— oo,

Hence, we conclude that {p; };_; is a Cauchy sequence in F(T') and so it converges to some p strongly. By Lemma 3.6 in [13], F(T) is
closed and so p € F(T). By (3.5), limy—ye d(x,, p) exists and hence p is the strong limit of {x,};,_,. O

Now we prove the following strong convergence theorem using the concepts of condition (/) which is defined in [14] and compact set.

Theorem 3.4. Under the assumptions of Theorem 3.2, if T satisfies the condition (I) or C is a compact subset of X, then the sequence
{xn},=1 converges to a fixed point of T strongly.

Proof. If T satisfies the condition (I), then by (3.12), we have
lim f(d(xn, F(T))) < lim d(x,,Tx,) =0.
n—oo n—oo

Therefore, we get that lim,,_ye f(d(x,, F(T'))) = 0. Since f is a non-decreasing function satisfying f(0) = 0 and f(r) > 0 for all r € (0,00),
we have lim, ;. d(x,, F(T)) = 0. The rest of the proof follows in lines of Theorem 3.3.

If C is compact subset of X, then there exists a subsequence {x,, },—_; of {x,},—; such that {x,, };7_, converges strongly to p for some p € C.
By Lemma 5.2 in [13] and (3.12), we have

3+«
lim d(x,, Tp) < (L> lim d(xy,, Txp, ) + limd(x,,, p) = 0.
k—voo -/ k- k—voo

Then, we obtain T'p = p, thatis, p € F(T). It follows from (3.5) that lim,, e, d(x,, p) exists for every p € F(T) and hence {x, },_; converges
to p strongly. O

4. Some convergence results for a finite family of total asymptotically nonexpansive mappings
First, we modify the J-iterative scheme for a finite family of mappings into hyperbolic space:

x1 €C,

in = En(w(xn77;’lxn7ﬁn))7
Yn = T;ll(W(vaj;nZn7an))7
Xn+1 = T,‘n)’m Vn>1,

.1

where T; = Ti(mOdN)(here the function mod N takes values in {1,2,...,N}) and for each i = 1,2,...,N,T; : C — C is an uniformly L;-

Lipschitzian and ({vﬁ,i) Ao /,L,Ei) },£@)-total asymptotically nonexpansive mapping.
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Remark 4.1. In fact, letting

L max{L;;i=1,2,..,N},v, = max{vﬁ,i);i =1,2,...,N},
Wy = max{u,,(i>;i: 1,2,..,N}{= max{C(i);i: 1,2,..,N},

then {Ti}?]:] is a finite family of uniformly L-Lipschitzian and ({v,},{ttn} , §)-total asymprotically nonexpansive mappings.

N
From now on for a finite family {Ti}f»vzl ,we denote F = N F(T;) #0.
i=1
We prove some convergence theorems of the iterative sequence {x,},_, defined by (4.1) for a finite family of total asymptotically

nonexpansive mappings in a hyperbolic space.

Theorem 4.2. Let C be a nonempty, closed, convex subset of a complete, uniformly convex hyperbolic space X with the monotone modulus
of uniform convexity 1. Let {Ti}i-vzl be a finite family of uniformly L-Lipschitzian and ({vn},{tn}, §)-total asymptotically nonexpansive self
mappings on C. If the following conditions are satisfied:

(i) Yoy vn <eoand Y7 | iy < oo}

(ii) there exist constants a,b € (0,1) such that {ay, },_; . {Bn},=; C [a,b];

(iii) there exists a constant M > 0 such that §(r) < Mr,¥r > 0;

then

(a) the sequence {x,},._ defined by (4.1) is \-convergent to a point in F.

(b) the sequence {x,},._ converges to some p € F strongly if and only if iminf, e d(x,,F) = 0 or limsup,_,,, d(x,,F) =0.

Proof. (a)Let p € F. Since {Ti}?[:l is a finite family of total asymptotically nonexpansive mappings, by the condition (iii), we get

d(zn,p)

d(T(W (x, T{"xn, Bn)), P)

< d(W (o, T %0, Bu), p) +vn 8 (d(W (X, T X, Bu), P)) +
< (1+Vn ) (W(Xm’z;'nxnaﬁn)vp)+,un
< (L4+vaM)[(1 = Bu)d(xn, p) + Bad (T;"Xn, )] + thn
< (V4+vaM) [(1 = Ba)d (xn, p) + Budd (xn, p) +vn 8 (d(xn, p)) + tn }] + pn
< (1 4vM) [(1 4 BpvaM)d (xn, p) + Babtn] + Un
< (14 vaM)*d(xn, p) + (24 vaM) iy “.2)
Similarly, we obtain
d(yn,p) = d(T;"(W(zn, Tz, 0)),p)
< (1+VnM)d(W(Zn7Tl‘anan)up)+lin
< (14 vaM)2d(zn, p) + (24 vaM) . (4.3)
Substituting (4.2) into (4.3), we have
d(yn, p) < (14 vaM)*d(xn, p) + (2 +vaM) (1 + (1 +v,M)?) . (4.4)
Also, we obtain
d(xpi1,p) = d(Tyn,p) < d(yn,p) +val(d(yn.P)) + tin
< (L+vaM)d(yn, p) + - 4.5)

Combining (4.4) and (4.5), we have
d(xps1,p) < (1 +0,)d(xy,p)+ &, Vn>1and p € F(T),

where 6, = 5 (vaM) + 10 (v,M)? +10 (v,M)? +5 (vuM)* + (vuM)* and &, = 1+ (1 +v,M)(2+v,M)(1 + (1 +v,M)?). By virtue of the
condition (i), we get

ic,,<ooand i€n<°°.
n=1 n=1

By Lemma 2 in [12],

lgn d(x,, p) exists for each p € F. (4.6)
n—yoo
We may assume that
lim d(x,,p) =c¢ > 0. 4.7
n—soo

Taking lim sup on both sides of the inequality (4.2), we have

limsup d(zy,p) < c. 4.8)

n—oo
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Since
d(T'zn,p) < d(zn,p) +val(d(zn,p)) + Hn
< (1+VnM)d(ZnaI7)+,una vn>1,
we have
limsup d(T"zn, p) < c. 4.9
n—o0
Similarly, we get
limsup d(T"x,, p) <c. (4.10)
n—soo
Now, we can write
d(xp1,p) < (1+veM)d(yn, p)+ tn

A

S (1 +VnM) [(1 +VnM)2d(Zn»p) + (2+VnM).un} + Un

= (14vM)3d(zn, p)+ [1+ (1 4+ M) (2 +v,M)] t.
Taking lim inf on both sides of the above inequality, we have that liminf,,_,e d(z,, p) > ¢. Combining with (4.8), it yields that
r}ijeod(zn,p) =c. 4.11)

On the other hand, since

’}Lfgod(Z;z,P) < ,}glgod(nn(w(xmT[nxmﬁn))vp)
< n‘g{}o[(] +vaM)d(W (xn, T"xn, Bu), P) + Hn]
= nlg{}od(w(xm]}nxnaﬁn)vp)
< lim (1= B)d(xn.p)+ Bud (T30,
< nlglgo[(l +BnVnM)d(xnap) +ﬁn,un]
= nlglgod(xnvp)v
we have
IE;H d(W(Xn,Tian,ﬁn),p) =cC. (412)
n—oo

By Lemma 2.5 in [9] and (4.7), (4.10), (4.12), we get

lim d(xp, T{"x,) = 0. (4.13)

n—yoo

From (4.4) and (4.5), we conclude that

limsup d(yn, p) < c and lirginf d(yn,p) > ¢,
e

n—oo

respectively. Hence, lim,_. d(y,, p) = c. Likewise, since

lim d(y,,p) < m d(T"(W(zn,T"2n, 0)), P)
n—roo n—oo
< Jﬂ[(l+v,,M)d(W(z,,,T,-”zn,an),p)—0—,u,,}
= ,}Ln;d(w(Zn> Tinzm an)>l’)
< lim (1= 0u)d (2. ) + 0 (T} )
< ’}grgo[(1+anvnM)d(zn7p)+an”n]
= lim d(z,p),
we have
nlglgod(W(Zn77}nZn,(Xn)7p) =cC. (414)

Again, by Lemma 2.5 in [9] and (4.9), (4.11), (4.14), we get

lim d(z,, T"z,) = 0. (4.15)

n—oo
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By (4.13) and (4.15), we have

d(T %, T z1) d(xn,2n) + v € (d(Xn,70)) +

(L +vaM)d (X, T (W (X, ;"X Bn))) + Bn

(L4vnM) [d(xn, T"xn) +d (T, T (W (0, T, B )] + B

(L4 vaM)d (xn, T ) + (1 4+ v M) [d (X, W (2, T X0, Br))

Fn & (d (xn, W (0, T"Xn, B ) )) + Mn] =+ b

(1 4+vaM)d (x0, T]"xn) + (14 vaM)2d (X0, W (30, T, Br) ) + (24 vaM )

(1+vaM)d (xn, Tinxn) +(1+ VnM)zﬁnd(xna Tinxn) + (2 4+ vaM)

0 as n— oo (4.16)

IA A CINIA

L IANIA

and

d(T"zn, T{"yn) d(zn,yn) +vnG(d(zn,yn)) + Hn

d(zn,yn) +va8(d(zn,3n)) + Un

(L +vaM)d (20, T;" (W (20, T} 20, @) ) + U

(L4 vaM) [d (20, T"zn) + d (T 20, T (W (20, T} 20, ) )] +

(L+vaM)d (2, T zn) + (1 +vaM)[d (20, W (20, T} 20, O ))

A8 (d (X0, W (20, T 2n; On)) ) + M 4 M

(14+vaM)d (20, T20) + (1 +vaM)2d (20, W (20, T2, 0) ) + (2 + v 1y

(L+vaM)d (20, T"zn) + (1 +vaM)? 0 (20, T 20) + (2 + M)

0 as 71— oo, 4.17)

IAN A CIAN IN A

IN N

1

respectively. From (4.13), (4.16) and (4.17), we get

d(xn:xn-H) = d(xﬂrTin)’n)
< dn ) + d (T, T )+ d (T 2, T )
— 0Oasn— . wis)

Since {7;}., is a finite family of uniformly L-Lipschitzian, we obtain

d(xy, Txy) d(Xn,Xn11) +d(xn+laTin+1xn+l ) +d(7;n+lxn+177}n+lxn) ‘|‘d(Tin+lxn7Tixn)

<
< (1 + L)d(xnaanrl) + d(xn+1 s TinJrlanrl) +Ld(7}n-xn7xn)~
Hence, (4.13) and (4.18) imply that

lgn d(x,Tix,) =0 foreachi=1,2,....N. (4.19)
Nn—roo

The rest of proof follows the pattern of Theorem 3.4 in [6].

(b) The necessity of the conditions is obvious. Thus, we only prove the sufficiency. It follows from (4.6) that lim,—e d(x,,F) exists.
Moreover, liminfy, e d(xn, F) = 0 or limsup,,_,, d(x,,F) = 0 implies that lim,,_,e d(x,,, F) = 0. The rest of the proof is similar to Theorem
4 in [26] and therefore is omitted. O

By using the concept of semi-compactness which is defined in [18] and the condition (A) which is introduced by Khan et al. [9], we prove
the following strong convergence theorem.

Theorem 4.3. Under the assumptions of Theorem 4.2, if one of the mappings in the family {Ti}f»vzl is semi-compact or the family {Ti}f»vzl
satisfies the condition (A), then the sequence {x,},_| converges to a point in F strongly.

Proof. First, we assume that the mapping 7y in the family { T,}fV: 1 is semi-compact. By (4.19) and semi-compactness of T, there exists
a subsequence {xp, }r_; C {x4},—; such that {x,, }}"; converges to some point p € C strongly. Moreover, by the uniform continuity of
{1}, we have

d(p,T;p) :kli_{r:od(xnkﬂ}xnk) =0foreachi=1,2,...,N.

This satisfies that p € F. It follows from (4.6) that lim,_,e. d(x,, p) exists and hence lim, e d(xn, p) = 0. As a result, {x,},_; converges
strongly to a point p in F.
Second, we can suppose that the family {Ti}f-vzl satisfies the condition (A). Then we have that

max{d(x,T;x) :i=1,2,..N} > f(d(x,F)) forall xeC (4.20)

holds. Thus, from (4.19) and (4.20), we obtain lim,—. f(d(x,,F)) = 0. Since f is a non-decreasing mapping with f(0) = 0 and
f(r) > 0Vr >0, we have lim,_e d(x,,F) = 0. The conclusion now can be seen from Theorem 4.2. O

Remark 4.4. Theorems 4.2, 4.3 generalize the results of Izhar-ud-din et al. [5] in two ways: (i) from a total asymptotically nonexpansive
mapping to a finite family of total asymptotically nonexpansive mappings, (ii) from a CAT(0) space to a uniformly convex hyperbolic space.
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5. Conclusion

In the above sections, we have modified the J-iterative scheme into the hyperbolic space and established the weak w?-stability, data
dependence results for contraction mappings and derived some convergence results for generalized o--nonexpansive mappings using this
iterative scheme. Also, we have extended the J-iterative scheme for a finite family of total asymptotically nonexpansive mappings in
hyperbolic space and have presented some convergence theorems of this iterative scheme.
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